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Abstract
In this paper, we consider the fixed points of homeomorphisms of closed oriented reducible 3-
manifolds. Up to an isotopy, we compute out the fixed point indices and fixed point coordinates
for all isolated fixed point sets of homeomorphisms composed by two slides homeomorphism. An
upper bound for the Nielsen numbers of these homeomorphisms is obtained. Finally, we shall show
by some examples that Nielsen numbers of such kind of homeomorphisms can be arbitrarily large,
although their Lefschetz numbers are zero.
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1. Introduction
The main problem in Nielsen fixed point theory is to estimate the number of fixed point
of a given map f :M →M . The so-called Nielsen number N(f ) is a lower bound for the
number of fixed points among all maps in the homotopy class of f . It is known that if M
is a compact manifold of dimension great than 2, then the Nielsen number N(f ) can be
realized as the number of fixed points of some maps homotopic to f , see [1] and [7]. This
result is not true for maps on surfaces with negative Euler characteristic numbers [2].
For homeomorphisms on manifolds, Nielsen conjectured that any homeomorphism f
on a closed manifold is isotopic to a homeomorphism g whose fixed points equals N(f ).
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This conjecture is trivial for 1-manifolds. A proof for the 2-manifolds was given by Jiang
and Guo [4]. Kelly [6] gave a proof of this conjecture for homeomorphisms on manifolds
of dimension at least 5.
Recently, Jiang, Wang and Wu proved that for any closed oriented 3-manifoldM which
is either Haken or geometric, any orientation-preserving homeomorphism f :M →M is
isotopic to a homeomorphism g with |Fix(g)| = N(f ) [5, Theorem 9.1]. If Thurston’s
geometric conjecture is true, such kinds of 3-manifolds include all irreducible ones. It
is natural to think about the case that M is a reducible 3-manifold. It is well-known
that every closed oriented 3-manifold can be written uniquely as the connected sum of
some prime manifolds. According to the results in [8], each homeomorphism on reducible
3-manifold is a composition of those of the following four types: homeomorphisms
preserving summands, homeomorphisms interchanging homeomorphic summands, spins
of S1 × S2 summands and slide homeomorphisms.
It is the purpose of this paper that we consider the fixed points of some homeomor-
phisms on reducible 3-manifolds, which do not happen to the irreducible manifolds. Let
f be a homeomorphism composed by two slide homeomorphisms, we shall compute the
fixed point indices and the fixed point coordinates of isolated fixed point sets of f . Hence,
we obtain an upper bound for Nielsen number N(f ) of f , and therefore get some informa-
tion about the fixed point numbers for the homeomorphisms in the isotopy classes of such
kinds of homeomorphisms.
Our paper is organized as follows. In Section 2, we make some review about Nielsen
fixed point theory and slide homeomorphisms on reducible 3-manifolds, and also make
some conventions in terminology. In Section 3, we shall prove that the fixed point index
of any isolated fixed point set in the complement of sliding sets of homeomorphisms
composed by slide homeomorphisms is zero. Section 4 is devoted to the computation
of fixed point indices and fixed point coordinates for fixed points in the sliding sets of
homeomorphisms composed by two slide homeomorphisms. Some examples to illustrate
our computation will be given in the final section. Meanwhile, we obtain a sequence of
homeomorphisms with zero Lefschetz numbers, but their Nielsen numbers are arbitrarily
large.
2. Review and preliminary
2.1. Nielsen fixed point theory
In this subsection, we give a brief account of the Nielsen fixed point theory, and repeat
some basic definitions such as fixed point classes, fixed point indices, etc. The details can
be found in [1] and [3]. Especially, the approach to fixed point coordinates and fixed point
classes is the same as in [9].
Let f :M → M be a self map on a compact smooth manifold. We write Fix(f )
for the fixed point set of f . Pick a base point x0 ∈ M and a base path w from x0 to
f (x0). Thus, there is a well-defined homomorphism fwπ :π1(M,x0)→ π1(M,x0) given
by fwπ (〈a〉)= 〈wf (a)w−1〉.
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Two element α and β in π1(M,x0) are said to be f wπ -conjugacy if there is a γ in
π1(M,x0) such that α = γβf wπ (γ−1). Write ∇(f ;x0,w) for the set of fwπ -conjugacy
classes in π1(M,x0).
For each fixed point x of f , take a path c from the base point x0 to x , there is an element
〈c(f (c))−1w−1〉 in π1(M,x0). It is easy to check that corresponding element, written by
cd(x, f ;x0,w), in ∇(f ;x0,w) does not depend on the choice of the path c from x0 to x .
Such an element is said to be the coordinate of the fixed point x .
Two fixed points x and y of f are said to be in the same fixed point class if and only if
cd(x, f ;x0,w)= cd(y, f ;x0,w). Thus, fixed point set Fix(f ) is divided into some fixed
point classes. Clearly, fixed points in the same component of Fix(f ) are in the same fixed
point class of f . It can be shown that such a partition for Fix(f ) is independent of the
choice of x0 and w.
Note that the Hurewicz homomorphism θ :π1(M,x0)→ H1(M) induces a correspon-
dence θ :∇(f ;x0,w)→ coker(id− f∗ :H1(M)→H1(M)). Any fixed point x has a well-
defined element θ(cd(x, f ;x0,w)), which is said to be the Abelian coordinate of x , de-
noted cdAb(x,f ). Similarly, Abelian coordinates determine Abelian fixed point classes of
f . Although they cannot distinguish totally the ordinary fixed point classes, Abelian coor-
dinate still have its advantages: independent of the choice of base point and base path, and
easy to be computed because they take values in an Abelian group.
Consider an isolated fixed point set C of f . Since M can be embedded into a Euclidean
space, we regard M as a subset of Rn for an integer n and M is a retractor of an open
neighborhood O , for example, tubular neighborhood, of M in Rn with a retract map
r :O →M . The compactness of M implies that C is compact. Thus, there is a compact
set Q such that C ⊂ Int(Q) ⊂Q ⊂ O and Q ∩ Fix(f ) = C. We can choose Q so that it
is a n-dimensional manifold with boundary. Since f has no fixed points on ∂Q, there is a
well-defined map
x − f (r(x))
|x − f (r(x))| : ∂Q→ S
n−1
between two oriented manifolds, where ∂Q and Sn−1 take the natural orientation induced
by Q and Dn in Rn, respectively. The degree of the map between the two (n − 1)-
dimensional closed oriented manifolds is said to be the fixed point index of the isolated
fixed point set C, denoted ind(f,C).
Thus, one can assign to each fixed point class a fixed point index which is the sum of
the fixed point indices of all isolated fixed sets in this fixed point class. The number of the
fixed point classes of f with non-zero indices is said to be Nielsen number of f , denoted
N(f ).
It can be proved that coordinates, fixed point classes, indices and the Nielsen number
are all invariant under homotopy. An important result is:
Theorem 2.1. Any map in the homotopy class of f has at least N(f ) fixed points.
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2.2. Slide homeomorphismsIn this subsection, we shall review the definition of slide homeomorphism on reducible
3-manifolds, see [8] for details. We also present some basic results and notations about the
slide homeomorphisms which will be used in this paper.
Let M be a closed oriented 3-manifold. It is known that M can be written as a connected
sum of finitely many prime 3-manifolds, i.e., M = M1 #M2 # · · · #Mn in which Mi is
irreducible for 1  i  n′ and Mi = S2 × S1 for n′ + 1  i  n′ + n′′ = n. We regard
M as constructed in the following way (see [8]). Take a 3-sphere and remove n′ + 2n′′
open discs to obtain a punctured 3-cell W with n′ + 2n′′ boundary components. In each
Mi choose a 3-ball Di and attach Mi − Int(Di) to W by identifying ∂Di and a boundary
component of W . Take n′′ copies of S2 × I , attach each of them to W by identifying
S2 × {0} and S2 × {1} with two boundary components of W . Thus, M =W ∪ (⋃ni=1 M ′i ),
where M ′i =Mi − Int(Di) or S2 × I .
Let S be an essential 2-sphere in M , which is isotopic to a boundary component of the
punctured 3-cell W , and let α : I →M be a path in M such that
(1) α attaches to S at the side face to W , i.e., there is a ε > 0 with α((0, ε)) ∪
α((1− ε,1))⊂W − ∂W and α(I) ∩ S = {α(0), α(1)},
(2) α has no self intersection, i.e., α(t1) = α(t2) for any t1, t2 ∈ I with t1 = t2.
Take two regular neighborhoods N ′ and N ′′ (N ′ ⊂ Int(N ′′)) of S ∪ α(I) in M .
Then Int(N ′′ − N ′) have two components which are homeomorphic to S2 × (0,1) and
T 2 × (0,1), respectively. We write the later as T (S,α) (see Fig. 1).
By using a coordinate function c :T (S,α)→ T 2×(0,1), where the points in T 2×(0,1)
are labeled by (θ,ϕ, t), a slide homeomorphism s :M→M is defined by
s(x)=
{
c−1(θ + 2πt,ϕ, t) if x = c−1(θ,ϕ, t) ∈ T (S,α),
x otherwise,
denoted by s(S,α). The set T (S,α) is said to be the sliding set of s(S,α).
Fig. 1.
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In present paper, the path α is oriented and we assume that s(S,α) slides along the
direction of α (See Fig. 2).
Thus, the isotopy class of s(S,α) is determined uniquely by the pair (S,α).
A slide homeomorphism s(S,α) is said to be of type I if S = ∂(Mi − Int(D)), where
Mi is an irreducible summand of M; is said to be of type II otherwise, i.e., S is isotopic to
an essential embedding sphere S2 × {∗} in a S2 × S1 summand of M . It is obvious that
Proposition 2.2. A slide homeomorphism s(S,α) is of type I if and only if the sliding set
T (S,α) of s(S,α) separates M , if and only if M − S is disconnected.
3. Fixed points on the complement of the sliding sets
In this section, we shall deal with the homeomorphisms composed by slide homeomor-
phisms. Clearly, the complement of the union of the sliding sets is a fixed point set of such
a homeomorphism. We shall show that any component of this fixed point set has zero fixed
point index.
Lemma 3.1. Let f :M →M be a self map on an oriented compact 3-manifolds M , and
let N ⊂M be an isolated fixed point set of f such that N itself is a 3-manifold and the
topological boundary Bd(N) of N in M is just the manifold boundary ∂N of N . Suppose
that O is a regular neighborhood of N such that O − Int(N) is embedded into R3 and
O ∩ Fix(f )=N . Then the fixed point index ind(f,N) is the degree of
x − f (x)
|x − f (x)| : ∂O→ S
2.
Proof. By collar argument, we can find a subset N ′ of N such that N − Int(N ′)∼= ∂N × I .
Thus, we can label the points in N − Int(N ′) by (x, t) with x ∈ ∂N and t ∈ I , where ∂N
is considered as ∂N × {0}.
Homotope f to f ′ :M →M defined by
f ′(p)=


(x,2t) if p = (x, t) ∈N −N ′, 0 t  12 ,
(x,1) if p = (x, t) ∈N −N ′, 12 < t < 1,
f (p) otherwise.
By the homotopy from f to f ′, the fixed point set N has been splitted into two isolated
sets ∂N and N ′. Thus, ind(f,N)= ind(f ′, ∂N)+ ind(f ′,N ′).
Note that O ′ = (O −N)∪ (∂N × [0, 12 ]) is a neighborhood of ∂N with O ′ ∩Fix(f ′)=
∂N . Since O − Int(N) is embedded into R3, we then can embed O ′ into R3. Thus,
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ind(f ′, ∂N) is the degree of x−f
′(x)
′ : ∂O ′ → S2. As ∂O ′ = ∂O∪(∂N×{ 1 }), ind(f ′, ∂N)|x−f (x)| 2
is the sum of the degree x−f
′(x)
|x−f ′(x)| : ∂O→ S2 and the degree of x−f
′(x)
|x−f ′(x)| : ∂N × { 12 }→ S2.
Note that f (x)= f ′(x) for x ∈ ∂O . We have that x−f ′(x)|x−f ′(x)| = x−f (x)|x−f (x)| : ∂O→ S2. Seeing
that x−f
′(x)
|x−f ′(x)| : ∂N × { 12 } → S2 is a united normal vector field over ∂N × { 12 } in R3. The
degree of x−f
′(x)
|x−f ′(x)| : ∂N × { 12 }→ S2 is − 12χ(∂N × { 12 })=− 12χ(∂N).
Since there is a neighborhood of N ′ is mapped by f ′ into N ′, by the subspace
property of fixed point index, we have that ind(f ′,N ′) = ind(f ′|N ′,N ′)= χ(N ′). Since
the dimension of N is 3, we have χ(N ′)= χ(N)= 12χ(∂N). So, we finish the proof. ✷
Thus, fixed point index ind(f,N) of an isolated fixed point set N of a self map
f :M → M on 3-manifold is totally determined by the behavior of the map at a small
neighborhood of ∂N (= Bd(N)) if the set N satisfies the conditions in the lemma above.
We then can compute its index in R3, although N itself may not be embedded into R3.
Theorem 3.2. Let f = s(Sm,αm) ◦ s(Sm−1, αm−1) ◦ · · · ◦ s(S1, α1) be a homeomorphism
composed by finitely many slides. Then, up to an isotopy, any component of M −⋃m
i=1 T (Si, αi) is an isolated fixed point set of f with fixed point index zero.
Proof. First, we shall prove this theorem in a special case: all slides s(Sj ,αj ) are of type
I and any two of Si are not the same components of ∂W .
Clearly, we can regard the union of a regular neighborhood of
⋃m
j=1(Sj ∪ αj (I)) as a
subset of R3. For j = 1,2, . . . ,m, we take
Sj =
{
(x, y, z) ∈R3: x2 + (y − 8j)2 = 4, |z| π
6
}
∪
{
(x, y, z) ∈ R3: x2 + (y − 8j)2 = (1− cos(6z))2, π
6
 |z| π
3
}
.
We can assume that αj and Sk intersects transversely for all j, k = 1,2, . . . ,m. Along
the natural direction of αj , the points in αj ∩Sk are denoted by {q(j,k;1), q(j,k;2), . . .}, where
q(j,k;l) = {x(j,k;l), y(j,k;l), z(j,k;l)} ∈ R3. We can assume that x(j,k;l) = 0 and 0 < z(j,k;l) <
π
6 for all possible j, k, l, and that z(j,k;l) = z(j ′,k′;l′) for (j, k, l) = (j ′, k′, l′). Thus, we have
y(j,k;l) = 8k+ (−1)l2.
Each path αj : I → R3 is a smooth curve such that
(1) if 0 u 16 , αj (u)= (0,8j,u+ π3 );
(2) if 56  u 1, αj (u)= (0,8j,u− 1− π3 );
(3) there is a positive number δ1 such that for any q(j,k;l) ∈ αj ∩ Sk , αj (u)= (0, y(j,k;l)+
u − u(j,k;l), z(j,k;l)) for u ∈ (u(j,k;l) − δ1, u(j,k;l) + δ1), where u(j,k;l) is the unique
value of u with αj (u)= q(j,k;l);
(4) | dαj
du
| = 0 for all u ∈ I .
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The two regular neighborhoodsN ′ and N ′′ of αj ∪Sj related to the sliding set T (Sj ,αj )
are taken to be δ and 2δ neighborhoods of αj ∪ Sj , respectively. Thus, for j = 1,2, . . . ,m,
the torus coordinate function cj :T (Sj ,αj )→ T 2 × (0,1) can be chosen so that:
c−1j (θ, ϕ, t)=


((
2+ (1+ t)δ) cosϕ, (2+ (1+ t)δ) sinϕ + 8j, θ)
if |θ | π
6
,((
1− cos(6θ)+ (1+ t)δ) cosϕ,(
1− cos(6θ)+ (1+ t)δ) sinϕ + 8j, θ)
if
π
6
 |θ | π
3
,
αj
(
3θ − π
4π
)
+
(
e1
(
αj
(
3θ − π
4π
))
cosϕ
+ e2
(
αj
(
3θ − π
4π
))
sinϕ
)
δ(1+ t)
if
π
3
 θ  5π
3
,
(1)
where {e1(p), e2(p)}p∈⋃mj=1 αj (I ) is a unite normal frame of
⋃m
j=1 αj (I) in R3 such that
(1) e1(p) is perpendicular to e2(p) for all p ∈⋃mj=1 αj (I),
(2) e1(αj (u))= (1,0,0) and e2(αj (u))= (0,1,0) for u ∈ [0, 16 )∪ ( 56 ,1] and all j ,
(3) e1(αj (u))= (0,0,1) and e2(αj (u))= (1,0,0) for u ∈ (u(j,k;l) − δ1, u(j,k;l) + δ1) and
all possible j, k, l.
Thus, the slide sets, T (Sj ,αj )’s, are disjoint except for the part near ⋃j =k αj ∩ Sk ,
where two sliding set intersect each other perpendicularly provided δ is small enough.
They are illustrated in Fig. 3.
Let C be a component of M −⋃mj=1 T (Sj ,αj ), we pick a ε-neighborhoodOε(C) of C
in M (ε < δ3 ). The boundary ∂Oε(C) is an oriented surface contained in
⋃m
j=1 T (Sj ,αj )⊂
R3. Since C is an isolated fixed point set, we can choose ε small enough so that Oε(C) ∩
Fix(f ) = C. Define a map g : ∂Oε(C)→ S2 by g(p) = p−f (p)|p−f (p)| for all p ∈ ∂Oε(C). By
Lemma 3.1, the fixed point index of f on C is just the degree deg(g) of the map g. We
shall prove deg(g)= 0 by showing that g is not surjective.
Let p ∈ ∂Oε(C). Denote by j the least number k with p ∈ T (Sk,αk). Then, we can
write p = c−1j (θp,ϕp, tp). Since p lies the sliding sets and d(p, ∂T (Sj ,αj )) < ε and since
the height of the sliding set T (Sj ,αj ) is δ, we have tp  εδ or 1 − tp  εδ . It is should
be noticed that the inequality can be held strictly when p ∈ T (Sk,αk) for k = j . Let us
consider the place of the image g(p) in the standard 2-sphere S2 = {(x, y, z): x2 + y2 +
z2 = 1} in the following different cases.
Case (1). |θp| π6 and s(Sj ,αj )(p) ∈
⋃m
k=j+1 T (Sk,αk). Let k be the smallest k (k >
j ) with s(Sj ,αj )(p) ∈ T (Sk,αk). When δ and εδ are small enough, s(Sk,αk)◦s(Sj ,αj )(p)
will not lie in any siding sets except for T (Sj ,αj ) and T (Sk,αk). We have f (p) =
s(Sk,αk) ◦ s(Sj ,αj )(p). Eq. (1) implies that s(Sj ,αj ) slides the point p along (or against)
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Fig. 4.
the z-axis, and the assumption (3) for αj and the assumption (3) for e1 and e2 implies that
s(Sk,αk) slides the point s(Sj ,αj )(p) along (or against) the y-axis. (see Fig. 4, where the
real lines represent ∂T (Sk,αk) or ∂T (Sj ,αj ), the dot lines represent ∂Oε).
We have that p−f (p) lies in the yz-plane, and hence g(p) ∈ {(0, y, z): y2+ z2 = 1} ⊂
S2.
Case (2). 3θp−π4π ∈ (u(j,k;l)− δ12 , u(j,k;l)+ δ12 ), where αj (u(j,k;l)) is an intersection point
of αj ∩Sk . A similar argument as in case (1) will also show that g(p) ∈ {(0, y, z): y2+z2 =
1} ⊂ S2 provided ε is small enough.
Case (3). Otherwise. We then have f (p)= s(Sj ,αj )(p).
Consider the case 0 < tp  εδ , we have p − f (p) = c−1j (θp,ϕp, tp) − c−1j (θp +
2πtp,ϕp, tp) = −2πtp ∂c
−1
j
∂θ
(θp + 2πξtp,ϕp, tp), where 0 < ξ < 1. Thus, g(p) lie in the
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image of − ∂c
−1
j /| ∂c
−1
j |, which is written by v (θ,ϕ, t). When ε tends to 0, g(p) tends to∂θ ∂θ j
vj (θ,ϕ,0). By Eq. (1), we compute out that
vj (θ,ϕ,0)=


(0,0,−1) if |θ | π
6
,
− (6 sin 6θ cosϕ,6 sin 6θ sinϕ,1)√
1+ 36 sin2 6θ
if
π
6
 |θ | π
3
,
−
dαj
dθ
+ ( ∂e1
∂θ
cosϕ + ∂e2
∂θ
sinϕ)δ
| dαj
dθ
+ ( ∂e1
∂θ
cosϕ + ∂e2
∂θ
sinϕ)δ|
if
π
3
 θ  5π
3
.
Notice that if |θ | π3 , we have vj (θ,ϕ,0) ∈ {(x, y, z): x2 + y2 + z2 = 1, z− 1√37 },
and that if θ ∈ [π3 , 5π3 ], vj (θ,ϕ,0) tends uniformly to − dαjdθ /| dαjdθ | = − dαjdu /| dαjdu | as δ
tends to 0. Thus, we get
g(p) ∈Nη
({
(x, y, z): x2 + y2 + z2 = 1, z− 1√
37
})
∪Nη
(
−dαj
du
/∣∣∣∣dαjdu
∣∣∣∣
∣∣∣
u∈I
)
,
where η(δ, ε) tends to 0 as δ and ε
δ
tend to 0.
Similarly, when 1− ε
δ
 tp < 1, we have
g(p) ∈Nη
({
(x, y, z): x2 + y2 + z2 = 1, z 1√
37
})
∪Nη
(
dαj
du
/∣∣∣∣dαjdu
∣∣∣∣∣∣∣u∈I
)
.
Combine all of the cases above, we know that if the positive numbers δ and ε
δ
are small
enough, we have
g
(
∂Oε(C)
)⊂Nη
({
(x, y, z): x2 + y2 + z2 = 1, |z| 1√
37
})
∪Nη(L) ∪
{
(0, y, z): y2 + z2 = 1},
where L=⋃mj=1( dαjdu /| dαjdu | ∪ (− dαjdu /| dαjdu |)) is the union of the curves consisting of the
image in S2 of the unite tangent vector filed of αj and theirs inverse. Since η can be
arbitrary small as δ and ε
δ
tend to 0, it follows that g : ∂Oε(C))→ S2 is not surjective.
Now, we have given a proof of this theorem in such a case: all slide homeomorphisms
composing f are of type I , and all Si are different components of ∂W .
In general, if there are some slide homeomorphisms of type II. We cannot embed any
regular neighborhood of
⋃m
j=1(Sj ∪ αj (I)) into R3 globally, because a path αj (I)’s may
intersects a sphere Sk belonging to the slide homeomorphism of type in odd points because
Sk is not separated in M . But, for any component C of M −⋃mj=1(Sj ∪ αj (I)), we can
still embed a regular neighborhood of ∂C into R3 as above. Thus, we can prove in a similar
way that it has zero fixed point index.
More general, if some sphere Si ’s are the same components of ∂W , we can arrange these
isotopic spheres as a series of concentric “cylinders” with different sizes. The arguments
to compute the indices are the same. We omit the details here. ✷
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Since any slide homeomorphism has no fixed point on its sliding set, we get immediately
that
Corollary 3.3. The Nielsen number of any slide homeomorphism is zero.
4. The range of Nielsen numbers
In this section, we shall consider the homeomorphisms composed by two slide
homeomorphisms. By modifying such kinds of homeomorphisms into “standard” form,
we compute out the fixed point indices and fixed point coordinates for fixed points
on sliding sets and then give an estimation for the Nielsen numbers of such kinds of
homeomorphisms.
Let M be a closed oriented 3-manifold. Take the terminology in Section 2, we have
M =M1 #M2 # · · · #Mn =W ∪ (⋃ni=1 M ′i ). Pick a point x0 ∈ Int(W) as the base point
of M and constant path w on x0 as base path. Since we can take the base points of all
M ′i lie on ∂W . Hence the fundamental group π1(Mi) of each summand of M can be
embedded into π1(M,x0) in a natural way because W is contractible. Thus, we have
π1(M,x0)= π1(M1) ∗ π1(M2) ∗ · · · ∗ π1(Mn).
Moreover, any path γ with ending points in W corresponds uniquely an element
〈γ∗γ γ−1∗∗ 〉 in π1(M,x0), where γ∗ and γ∗∗ are path from x0 to γ (0) and γ (1) in W ,
respectively. By abuse of notation, we write simply as 〈γ 〉.
Let si = s(Si , αi), i = 1,2, be two slide homeomorphisms on M . For j = 1,2, j = i ,
we assume that αi intersects Sj transversely. As in the proof of Theorem 3.2, the points
αi ∩ Sj are denoted by {q(i,j ;1), q(i,j ;2), . . . , q(i,j ;ni )} along the direction of αi . Thus, when
the sliding sets are closed to the corresponding sets αj (I) ∪ Sj enough, the number of the
components of T (S1, α1)∩ T (S2, α2) is n1n2. We then write these components as
{B(1,2;1), . . . ,B(1,2;n1),B(2,1;1), . . . ,B(2,1;n2)},
where each has the same subscript as that of the nearby point q(i,j ;k) in αi ∩ Sj .
We write I(i,j ;k) for the algebraic intersection number of the kth intersection point
q(i,j ;k) of αi ∩ Sj , where αi take its natural orientation, Sj take the orientation opposite
to that inherited from W and W take the usual orientation as a subset of R3. By
Proposition 2.2, we have
Proposition 4.1. If s(Sj ,αj ) is of type I, then I(i,j ;k) = (−1)k for all possible k.
Lemma 4.2. Let f = s2(S2, α2) ◦ s1(S1, α1) be composed by two slide homeomorphisms.
Then, up to isotopy, for any two componentsB(1,2;j) and B(2,1;k) of T (S1, α1)∩T (S2, α2),
there is a unique fixed point x(1,2;j,k) ∈B(1,2;j) of f with s1(x(1,2;j,k)) ∈B(2,1;k) and there
is a unique fixed point x(2,1;k,j) ∈ B(2,1;k) of f with s1(x(2,1;k,j)) ∈ B(1,2;j). Their fixed
point indices are:
ind(f, x(1,2;j,k))= I(1,2;j)I(2,1;k), ind(f, x(2,1;k,j))=−I(1,2;j)I(2,1;k).
X. Zhao / Topology and its Applications 136 (2004) 169–188 179
Their fixed point coordinates are:
cd(f, x(1,2;j,k))=
〈
β ′(2,1;k)f
(
β ′(1,2;j)
)〉
,
cd(f, x(2,1;k,j))=
〈(
β ′(2,1;k)
)−1
f
(
β ′′(1,2;j)
)〉
,
where β ′(i,j ;k) is the sub-path of αi from αi(0) to q(i,j ;k), and β ′′(i,j ;k) the sub-path of αi
from q(i,j ;k) to αi(1).
Thus, f has 2|α1 ∩ S2| |α2 ∩ S1| fixed points on T (S1, α1)∪ T (S2, α2).
Proof. We shall give the proof in several steps.
Step 1. Adjust the coordinate functions and the slide homeomorphisms s(S1, α1) and
s(S2, α2). We can rearrange the coordinate function ci :T (Si, αi)→ T 2 × I so that
B(1,2;j) = c−11
({
(θ,ϕ, t):
∣∣θ − θˆ(1,2;j ;1)∣∣< δ, 0 ϕ < 2π, 0< t < 1})
⊂ c−12
({
(θ,ϕ, t):
∣∣θ − θˆ(1,2;j ;2)∣∣< δ, ∣∣ϕ − ϕˆ(1,2;j ;2)∣∣< δ, 0 < t < 1}),
B(2,1;k) = c−12
({
(θ,ϕ, t):
∣∣θ − θˆ(2,1;k;2)∣∣< δ, 0 ϕ < 2π, 0 < t < 1})
⊂ c−11
({
(θ,ϕ, t):
∣∣θ − θˆ(2,1;k;1)∣∣< δ, ∣∣ϕ− ϕˆ(2,1;k;1)∣∣< δ, 0 < t < 1}),
where δ > 0 and all θˆ(i1,i2;i3;i4) and ϕˆ(i1,i2;i3;i4) are constant.
We assume that the intervals [θˆ(i1,i2;i3;i4) − δ, θˆ(i1,i2;i3;i4) + δ] and [ϕˆ(i1,i2;i3;i4) −
δ, ϕˆ(i1,i2;i3;i4) + δ] are disjoint for all possible i1, i2, i3, i4. As in the proof of Lemma 3.2,
we can assume that[
θˆ(1,2;j ;1)− δ, θˆ(1,2;j ;1)+ δ
]
,
[
θˆ(2,1;k;2)− δ, θˆ(2,1;k;2)+ δ
]⊂ (π, 7π
6
)
,
[
θˆ(1,2;j ;2)− δ, θˆ(1,2;j ;2)+ δ
]
,
[
θˆ(2,1;k;1)− δ, θˆ(2,1;k;1)+ δ
]⊂ (0, π
6
)
.
(2)
Fig. 5 shows the relation between the two coordinate functions c1 and c2 at a component
B(1,2; j), which is near to a point α1 ∩ S2 where α1 is leaving from the puncture ball W ,
i.e., I(1,2;j) =−1.
Fig. 5.
180 X. Zhao / Topology and its Applications 136 (2004) 169–188
From Fig. 5, we get that the coordinate transport function ci2c
−1 : ci1(B(i1,i2;i)) →i1
ci2(B(i1,i2;i)) is given by:
ci2c
−1
i1

 θϕ
t


T
=


θˆ(i1,i2;i;i2) −
(1+ t)δ
2
sinϕ
ϕˆ(i1,i2;i;i2) − I(i1,i2;i)
(1+ t)δ
2
cosϕ
1
2
+ I(i1,i2;i)
θ − θˆ(i1,i2;i;i1)
2δ


T
, (3)
where i1, i2 = 1,2 and i1 = i2. The Jacobian matrix of its derivative is:

0 − (1+ t)δ
2
cosϕ − δ
2
sinϕ
0 I(i1,i2;i)
(1+ t)δ
2
sinϕ −I(i1,i2;i)
δ
2
cosϕ
I(i1,i2;i)
2δ
0 0


= J (ϕ, t; I(i1,i2;i)).
For i = 1,2, we isotope si so that
cisic
−1
i (θ, ϕ, t)=


(
2πt + π
6
, ϕ,− θ
2π
+ 7
12
)
if 0 < θ <
π
3
,
5
12
< t <
7
12
,(
2πt − 5π
6
, ϕ,− θ
2π
+ 13
12
)
if π < θ <
4π
3
,
5
12
< t <
7
12
,
(θ + 2πt,ϕ, t) if 0 < t < 1
6
or
5
6
< t < 1.
(4)
Some line segments in T (Si, αi) and their si image are illustrated as in Fig. 6.
Step 2. Look for fixed points of f on T (S1, α1)∪ T (S2, α2) and compute their indices.
Given two components B(1,2;j) and B(2,1;k) of T (S1, α1)∩ T (S2, α2), j = 1,2, . . . , n1,
k = 1,2, . . . , n2. Let p = (θ,ϕ, t) ∈ c1(B(1,2;j) ∩ s−11 (B(2,1;k)) ∩ (s2s1)−1(B(1,2;j))). The
derivative of c1f c−11 at p is:
D
(
c1f c
−1
1
)
p
=D(c1c−12 )yD(c2s2c−12 )p′D(c2c−11 )xD(c1s1c−11 )p,
Fig. 6.
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where x = (θx, ϕx, tx) = (c1s1c−1)(p), p′ = (θ ′, ϕ′, t ′) = (c2c−1)(x) and y = (θy, ϕy,1 1
ty)= (c2s2c−12 )(p′).
Since p ∈ c1(B(1,2;j)), Eq. (2) implies that θ ∈ (π, 7π6 ). Notice that p ∈ c1(s−11 (B(2,1;k))).
We have that x = (θx, ϕx, tx) = (c1s1c−11 )(p) ∈ c1(B(2,1;k)). From Eq. (4), t ∈ ( 512 , 712 ).
Similarly, we have θ ′ ∈ (π, 7π6 ) and t ′ ∈ ( 512 , 712 ).
Thus, by Eq. (4),
D
(
c2s2c
−1
2
)
p′ =D
(
c1s1c
−1
1
)
p
=

 0 0 2π0 1 0
− 12π 0 0

 .
Note that x ∈ c1(B(2,1;k)). We get that D(c2c−11 )x = (D(c1c−12 )p′)−1 = (J (ϕ′, t ′;
I(2,1;k)))−1. Similarly, D(c1c−12 )y = (D(c2c−11 )p′′)−1 = (J (ϕ′′, t ′′; I(1,2;j)))−1, where
p′′ = (θ ′′, ϕ′′, t ′′)= c1c−12 (y).
A direct computation shows that
D
(
c1c
−1
2
)
y
D
(
c2s2c
−1
2
)
p′ =


−I(1,2;j)δ
π
0 0
0
2I(1,2;j) sinϕ′′
δ(1+ t ′′) −
4π cosϕ′′
δ(1+ t ′′)
0 −2I(1,2;j) cosϕ
′′
δ
−4π sinϕ
′′
δ


and
D
(
c2c
−1
1
)
x
D
(
c1s1c
−1
1
)
p
=


−I(2,1;k)δ
π
0 0
0
2I(2,1;k) sinϕ′
δ(1+ t ′) −
4π cosϕ′
δ(1+ t ′)
0 −2I(2,1;k) cosϕ
′
δ
−4π sinϕ
′
δ


.
Thus, at any point p ∈ c1(B(1,2;j) ∩ s−11 (B(2,1;k)) ∩ (s2s1)−1(B(1,2;j))), the map c1f c−11
is a shrinking in θ -direction and an expanding in the other two directions. Clearly,
c1(B(1,2;j) ∩ s−11 (B(2,1;k)) ∩ (s2s1)−1(B(1,2;j))) is connected. It follows that c1f c−11 has
unique fixed point on c1(B(1,2;j)∩s−11 (B(2,1;k))∩ (s2s1)−1(B(1,2;j))). Hence, f has unique
fixed point on B(1,2;j) ∩ s−11 (B(2,1;k)) ∩ (s2s1)−1(B(1,2;j)), which is denoted by x(1,2;j,k).
Its index:
ind(f, x(1,2;j,k))= ind
(
c1f c
−1
1 , c1(x(1,2;j,k))
)
= sgn det(I −D(c1f c−11 )c1(x(1,2;j,k)))
= sgn
(
I(1,2;j)I(2,1;k)
π2(1+ sin2 ϕ′∗)(1+ sin2 ϕ′′∗)
δ4(1+ t ′∗)(1+ t ′′∗ )
+O
(
1
δ2
))
,
where (θ ′∗, ϕ′∗, t ′∗)= c2s1(x(1,2;j,k)) and (θ ′′∗ , ϕ′′∗ , t ′′∗ )= c1(x(1,2;j,k)). As δ can be arbitrary
small, we have that ind(f, x(1,2;j,k))= I(1,2;j)I(2,1;k).
182 X. Zhao / Topology and its Applications 136 (2004) 169–188
Let p = (θ,ϕ, t) ∈ c2(B(2,1;k) ∩ s−1(B(1,2;j)) ∩ (s2s1)−1(B(2,1;k))). The derivative of1
c2f c
−1
2 at p is:
D
(
c2f c
−1
2
)
p
=D(c2s2c−12 )yD(c2c−11 )p′D(c1s1c−11 )xD(c1c−12 )p,
where x = (θx, ϕx, tx) = (c1c−12 )(p), p′ = (θ ′, ϕ′, t ′) = (c1s1c−11 )(x) and y = (θy, ϕy,
ty)= (c2c−11 )(p′).
Since p ∈ c2(B(2,1;k)), Eq. (2) implies that θx∈ (0, π6 ). Notice that p ∈ c2(s−11 (B(1,2;j))).
We have that x = (θx, ϕx, tx) = (c1c−12 )(p) ∈ c1(s−11 (B(1,2;j))). From Eq. (4), tx ∈
( 512 ,
7
12 ). Similarly, we get θy ∈ (0, π6 ) and ty ∈ ( 512 , 712 ). Thus, by Eq. (4),
D
(
c2s2c
−1
2
)
y
=D(c1s1c−11 )x =

 0 0 2π0 1 0
− 12π 0 0

 .
From Eq. (3), we have that D(c1c−12 )p = J (ϕ, t; I(2,1;k)), and that D(c2c−11 )p′ =
J (ϕ′, t ′; I (1,2; j)).
A direct computation again shows that
D
(
c2s2c
−1
2
)
y
D
(
c2c
−1
1
)
p′
=


I(1,2;j)π
δ
0 0
0 I(1,2;j)
δ(1+ t ′)
2
sinϕ′ −I(1,2;j) δ2 cosϕ
′
0
δ(1+ t ′)
4π
cosϕ′ δ
4π
sinϕ′


and
D
(
c1s1c
−1
1
)
x
D
(
c1c
−1
2
)
p
=


I(2,1;k)π
δ
0 0
0 I(2,1;k)
δ(1+ t)
2
sinϕ −I(2,1;k) δ2 cosϕ
0
δ(1+ t)
4π
cosϕ
δ
4π
sinϕ

.
Thus, at any point p ∈ c2(B(2,1;k) ∩ s−11 (B(1,2;j)) ∩ (s2s1)−1(B(2,1;k))), the map c2f c−12
is an expanding in θ -direction and a shrinking in the other two directions. Clearly,
c2(B(2,1;k) ∩ s−11 (B(1,2;j)) ∩ (s2s1)−1(B(2,1;k))) is connected. It follows that c2f c−12 has
unique fixed point on c2(B(2,1;k)∩s−11 (B(1,2;j))∩ (s2s1)−1(B(2,1;k))). Hence, f has unique
fixed point on B(2,1;k) ∩ s−11 (B(1,2;j)) ∩ (s2s1)−1(B(2,1;k)), which is denoted by x(2,1;k,j).
Its index:
ind(f, x(2,1;k,j))= ind
(
c2f c
−1
2 , c2(x(2,1;k,j))
)
= sgn det(I −D(c2f c−12 )c2(x(2,1;k,j)))
= sgn
(
−I(1,2;j)I(2,1;k) π
2
δ2
+O(1)
)
.
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As δ can be arbitrary small, we have that ind(f, x(2,1;k,j))=−I(1,2;j)I(2,1;k).
Step 3. Show that the fixed point set Fix(f )∩ (T (S1, α1)∪ T (S2, α2)) is just
{x(1,2;j,k), x(2,1;k,j): j = 1,2, . . . , n1, k = 1,2, . . . , n2}.
Clearly, f has no fixed points on T (S1, α1)− T (S2, α2) and T (S2, α2)− T (S1, α1).
Let us consider a fixed point x ∈ B(1,2;j) of f = s2s1. Since the slide s1 keeps the ϕ-
coordinate under c1 and the points in different B(1,2;∗)’s have no overlap in ϕ-coordinate
under c1, s1(x) /∈ B(1,2;j ′) for j ′ = j . Thus, there exist three possibilities for s1(x):
(1) s1(x) /∈ T (S1, α1) ∩ T (S2, α2): We then have that f (x)= s2(s1(x))= s1(x) = x . It is
impossible.
(2) s1(x) ∈B(1,2;j): Let c1(x)= (θ,ϕ, t). Then t ∈ (0, 16 )∪ ( 56 ,1). We get that
f (x)= c−11
(
c1c
−1
2
)(
c2s2c
−1
2
)(
c2c
−1
1
)
c1s1c
−1
1 (θ,ϕ, t)
= c−11
(
c1c
−1
2
)(
c2s2c
−1
2
)(
c2c
−1
1
)
(θ + 2πt,ϕ, t)
= c−11
(
c1c
−1
2
)(
c2s2c
−1
2
)(∗,∗, 1
2
+ I(1,2;j)
(
θ + 2πt − θˆ(1,2;j ;1)
2δ
))
= c−11
(
c1c
−1
2
)(∗,∗, 1
2
+ I(1,2;j)
(
θ + 2πt − θˆ(1,2;j ;1)
2δ
))
= c−11 (θ + 2πt,∗,∗)
= c−11 (θ,ϕ, t)= x.
(3) s1(x) ∈B(2,1;k) for some k: Then by the notation, we have x = x(1,2;j,k).
The arguments for the fixed points in B(2,1;k) are the same.
Step 4. Compute the coordinates of the fixed points in T (S1, α1)∪ T (S2, α2).
For any fixed point x(1,2;j,k), choose a path b from the base point x0 to x(1,2;j,k) in
W ∪B(1,2;j) such that b′ = b(I)∩B(1,2;j) is a line segment. Fig. 7 illustrates the image of
b′ under s1 and f = s2s1. Here, we take j = 3, k = 1.
As shown in Fig. 7, s1(b′) is homotopic to (β ′(1,2;j))−1. Write b′′ = s1(b′) ∩
B(2,1;k), which is the small part of s1(b′) ∩ T (S2, α2) near q(2,1;k). Clearly, b′′ is
mapped by s2 to a path homotopic to (β ′(2,1;k))−1. Thus, f (b′) is homotopic to
(s2s1(β ′(1,2;j)))−1(β ′(2,1;k))−1 = (f (β(1,2;j)))−1(β ′(2,1;k))−1. Notice that all ending points
during the homotopies lie in a neighborhood of ∂W . The fixed point coordinate is
cd(x(1,2;j,k), f )= 〈b′(f (b′))−1〉 = 〈β ′(2,1;k)f (β ′(1,2;j))〉.
The proof for the coordinates of cd(x(2,1;k,j)) is similar. ✷
Notice that for any two components B(1,2;j) and B(2,1;k), ind(f, x(1,2;j,k)) = − ind(f,
x(2,1;k,j)). The indices of the fixed points in the sliding sets are +1 and −1 pair-wisely.
So, the sum of the indices of all points in sliding set are zero. Using Theorem 3.2, we get
immediately that
Proposition 4.3. If f is a homeomorphism composed by two slide homeomorphisms, then
L(f )= 0.
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In Nielsen fixed point theory, a natural question is how to minimize the fixed points in
the homotopy class of a given map. Consider the two slides si(Si , αi), i = 1,2 composing
the homeomorphism f , one may think the similar question in isotopy class. Last lemma
shows that for the “standard” form of such kind of a homeomorphism, the fixed point
number on the sliding set determined by the intersection numbers |α1 ∩ S2| and |α2 ∩ S1|.
We need to define
MI(αi, Sj )=: min
{|α ∩ Sj |: α  αj rel{0,1}, α has no self intersection}.
Using the decomposition M = W ∪ (⋃ni=1 M ′i ) as in Section 2, by the definition of
slide homeomorphism, there are prime summands Mi1 and Mi2 of M such that Sj ⊂ ∂M ′ij
for j = 1,2. We may write π1(M,x0) = π1(Mi1) ∗ π1(Mi2) ∗ π ′ if i1 = i2; π1(M,x0) =
π1(Mi1) ∗ π ′ if i1 = i2, where π ′ = π1(M − Mi1 ∪ Mi2) is the free product of the
fundamental group of all summands of M except for those of Mi1 and Mi2 . By definition,
we have 〈α1〉 ∈ π1(Mi2)∗π ′, 〈α1〉 /∈ π1(Mi1), 〈α2〉 ∈ π1(Mi1)∗π ′ and 〈α2〉 /∈ π1(Mi2). So,
in π1(M,x0),
〈α1〉 = a(1,2;1)a(1,2;2) · · ·a(1,2;2m1)a(1,2;2m1+1),
〈α2〉 = a(2,1;1)a(2,1;2) · · ·a(2,1;2m2)a(2,1;2m2+1)
(5)
where a(j,k;l) = 1 except for (j, k, l)= (1,2,1), (2,1,1), (1,2,2m1 + 1) or (2,1,2m2 +
1), a(1,2;l) ∈ π1(Mi2) and a(2,1;l) ∈ π1(Mi1) for even l, and a(j,k;l) ∈ π ′ for odd l. It is
possible that Mi1 and Mi2 are the same summand of M . In this case, we have m1 =m2 = 0.
Clearly, we have
Proposition 4.4. Using the notation above, for j, k = 1,2 and j = k,
MI(αk,Sj )=
{
2mk if s(Sj ,αj ) is of type I,
mk if s(Sj ,αj ) is of type II.
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From Lemma 4.2, we haveTheorem 4.5. Let f = s2(S2, α2)◦ s1(S1, α1) be a homeomorphism composed by two slide
homeomorphisms. Let {q∗(1,2;1), . . . , q∗(1,2;MI(α1,S2))} and {q∗(2,1;1), . . . , q∗(2,1;MI(α2,S1))}
be the set of minimal intersection points of α1 ∩ S2 and α2 ∩ S1, respectively.
Then, up to an isotopy, f has 2MI(α1, S2)MI (α2, S1) fixed points on T (S1, α1) ∪
T (S2, α2): x(1,2;j,k) and x(2,1;k,j), where j = 1,2, . . . ,MI (α1, S2), k = 1,2, . . . ,MI (α2,
S1).
Their fixed point coordinates are:
cd(f, x(1,2;j,k))=
〈
α′(2,1;k)f
(
α′(1,2;j)
)〉
,
cd(f, x(2,1;k,j))=
〈(
α′(2,1;k)
)−1
f
(
α′′(1,2;j)
)〉
,
where j = 1,2, . . . ,MI (α1, S2), k = 1,2, . . . ,MI (α2, S1), and where α′(j,k,l) is the sub-
path of αj from αj (0) to q∗(j,k,l) and α′′(j,k,l) is the sub-path of αj from q∗(j,k,l) to αj (1).
Their fixed point indices are:
ind(f, x(1,2;j,k))= I∗(1,2;j)I∗(2,1;k), ind(f, x(2,1;k,j))=−I∗(1,2;j)I∗(2,1;k),
where I∗(i1,i2;i3) is the algebraic intersection number of αi1 and Si2 at q∗(i1,i2;i3).
It should be noticed that as in the proof of Lemma 4.2, we need S1 ∩ S2 = ∅.
In this situation, MI(α1, S2) and MI(α2, S1) may fail to be realized simultaneously.
This phenomenon happens only if S1 and S2 are two paralleled oriented sphere In this
case, s(α2, S2) ◦ s(α1, S1) can be presented by one slide homeomorphism, and we have
MI(α1, S2)=MI(α2, S1)= 0. So, this theorem still.
Clearly, the elements α′(1,2;j), α′′(1,2;j), α′(2,1;k) and α′′(2,1;k) can be read from the
words in 〈α1〉 and 〈α2〉 as in Eq. (5).
Proposition 4.6. Let α′(i1,i2;i3) and α′′(i1,i2;i3) as in last theorem, a(i1,i2;i3) as in Eq. (5).
(1) If s2(S2, α2) is of type I, then〈
α′(1,2;j)
〉= a(1,2;1) · · ·a(1,2;j), 〈α′′(1,2;j)〉= a(2,1;j+1) · · ·a(2,1;2m1+1);
(2) If s2(S2, α2) is of type II, then
〈
α′(1,2;j)
〉=
{
a(1,2;1) · · ·a(1,2;2j−1) if I∗(1,2;j) =−1,
a(1,2;1) · · ·a(1,2;2j−1)a(1,2;2j) if I∗(1,2;j) = 1,
〈
α′′(1,2;j)
〉=
{
a(1,2;2j) · · ·a(1,2;2m1+1) if I∗(1,2;j) =−1,
a(1,2;2j+1) · · ·a(1,2;2m1+1) if I∗(1,2;j) = 1,
where m1 =MI(α1, S2).
From Theorem 3.2, we know that the fixed point on the complement of the union
of sliding sets have zero index and then contribute nothing to Nielsen number. By
Theorem 4.5, we have
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Theorem 4.7. Let f = s2(S2, α2)◦ s1(S1, α1) be a homeomorphism composed by two slide
homeomorphisms. Then 0N(f ) 2MI(α1, S2)MI (α2, S1).
The examples in next section will show that both upper and lower can be realized.
5. Examples
Now we consider some examples to illustrate our computation. Throughout this section,
we assume that M = T 31 #T 32 #T 33 the connected sum of three 3-dimensional tori. Then
π1(M) = π1(T 31 ) ∗ π1(T 32 ) ∗ π1(T 33 ), where for j = 1,2,3, π1(T 3j ) is a free Abelian
group with generators gjk , k = 1,2,3. We assume that f = s2(S2, α2) ◦ s1(S1, α1) be a
homeomorphism composed by two slide homeomorphisms, where Sj , j = 1,2, be the
boundary of the summand T 3j − Int(D3).
Notice that any slide homeomorphism of type I induces the identity homomorphism
on H1(M), so does f . Thus, the co-kernel coker(id − f∗ :H1(M)→ H1(M)) is just the
H1(M). The Abelian fixed point classes of f are in one-to-one correspondence with the
elements in H1(M). We still write gij , i, j = 1,2,3, for their corresponding generators in
H1(M).
Example 5.1. 〈α1〉 = g21, 〈α2〉 = g12.
From Theorem 4.5, we get Table 1. Thus, these eight fixed points lie in four different
fixed point classes. Note that ind(f, x(1,2;j,k))=− ind(f, x(2,1;k,j))= (−1)j+k . Each fixed
point class have zero index. Then, N(f )= 0.
Example 5.2. 〈α1〉 = g31g21, 〈α2〉 = g32g12g33.
From Theorem 4.5, we get Table 2. Thus, the eight fixed points lie in different Abelian
fixed point classes and therefore in different fixed point classes. We then have that
N(f )= 8.
Two examples above show that the upper bound and lower bound in Theorem 4.7 are
both reachable.
Table 1
Fixed point cd(·, f ) cdAb(·, f )
x(1,2;1,1) 1 0
x(1,2;1,2) g12 g12
x(1,2;2,1) g−112 g21g12 g21
x(1,2;2,2) g21g12 g12 + g21
x(2,1;1,1) g21g12 g12 + g21
x(2,1;1,2) g12 g12
x(2,1;2,1) g−112 g21g12 g21
x(2,1;2,2) 1 0
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Table 2Fixed point cd(·, f ) cdAb(·, f )
x(1,2;1,1) g32g31 g31 + g32
x(1,2;1,2) g32g12g31 g12 + g31 + g32
x(1,2;2,1) g32g31g−133 g
−1
12 g
−1
32 g21g32g12g33 g21 + g31 + g32
x(1,2;2,2) g32g12g31g−133 g
−1
12 g
−1
32 g21g32g12g33 g12 + g21 + g31 + g32
x(2,1;1,1) g−132 g21g32g12g33 g12 + g21 + g33
x(2,1;1,2) g12g33 g12 + g33
x(2,1;2,1) g−112 g
−1
32 g21g32g12g33 g21 + g33
x(2,1;2,2) g33 g33
Table 3
Fixed point cdAb(·, fm)
x(1,2;2j−1,1) (j − 1)g21 + jg31 + g32
x(1,2;2j,1) jg21 + jg31 + g32
x(1,2;2j−1,2) g12 + (j − 1)g21 + jg31 + g32
x(1,2;2j,2) g12 + jg21 + jg31 + g32
x(2,1;1,2j−1) g12 + (m− j + 1)g21 + (m− j)g31 + g33
x(2,1;1,2j) g12 + (m− j)g21 + (m− j)g31 + g33
x(2,1;2,2j−1) (m− j + 1)g21 + (m− j)g31 + g33
x(2,1;2,2j) (m− j)g21 + (m− j)g31 + g33
Example 5.3 (Generalization of Example 5.2). 〈α1〉 = (g31g21)m, 〈α2〉 = g32g12g33.
We have that MI(α1, S2) = 2m and MI(α2, S1) = 2. Similar to Example 5.2, for
j = 1,2, . . . ,m, we have Table 3. Thus, these 8m fixed points of fm lie in 8m different
fixed point classes. By Theorem 4.5, their indices are ±1. So, we have N(fm)= 8m.
The example above implies that the Nielsen number of a homeomorphism composed by
two slide homeomorphisms can be arbitrarily large, although their Lefschetz numbers are
all zero.
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